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013.12.0Abstract In this paper, a novel vibration-suppression open-loop control method for multi-mass
system is proposed, which uses two-stage velocity compensating algorithm and fuzzy I + P control-
ler. This compensating method is based on model-based control theory in order to provide a damp-
ing effect on the system mechanical part. The mathematical model of multi-mass system is built and
reduced to estimate the velocities of masses. The velocity difference between adjacent masses is cal-
culated dynamically. A 3-mass system is regarded as the composition of two 2-mass systems in
order to realize the two-stage compensating algorithm. Instead of using a typical PI controller in
the velocity compensating loop, a fuzzy I + P controller is designed and its input variables are
decided according to their impact on the system, which is different from the conventional fuzzy
PID controller designing rules. Simulations and experimental results show that the proposed veloc-
ity compensating method is effective in suppressing vibration on a 3-mass system and it has a better
performance when the designed fuzzy I + P controller is utilized in the control system.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Complicated vibration problem occurs frequently in mechani-
cal transmission systems because of the insufﬁcient torsional
stiffness of the mechanical driving parts. This kind of ﬂexible
multi-mass transmission system can be found inmany industrial
applications, such as ﬂexible joints of articulated robots, drive
train of a wind energy plant, steel rolling mills, textile drives,
etc. Recently, control systems that applied to mechanical84891678.
. Zhang).
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13driving devices have been increasingly requiring that the whole
system has a fast-responding and high-accuracy performance,
which can result in easily exciting vibrations in the mechanical
system.
A lot of controlling methods have been proposed to reduce
the vibration of elastic transmission systems. Most of the
investigations are focused on the simplest representation of
ﬂexible mechanical driving system, i.e., a 2-mass system.1–10
Some fundamental limitations in the 2-mass system have been
discussed and analyzed to conﬁrm the limiting performance of
controllers applied to 2-mass systems.1 A systematic analysis
of controller design principles and a comparative study of
control structures for the 2-mass system have been carried
out. The combination of control structure with PI controller
supported by different additional feedbacks was presented.2
In order to improve the practical performance of the ﬂexible
transmission system, more advanced and complicated controlSAA & BUAA. Open access under CC BY-NC-ND license.
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performance drive system with elastic coupling.3 Feed-forward
neural networks are used to estimate the non-measurable state
variables of 2-mass system, such as the torsional torque and
the load machine speed.4 A fuzzy controller and a gray estima-
tor are applied to a non-linear 2-mass system and the robust-
ness of the control system are tested.5 To improve control
performance, disturbance observers (DOB) are implemented
in 2-mass control systems.6–8 It is possible that these control-
lers will have satisfactory performance only when the mechan-
ical system is allowed to be simpliﬁed as a 2-mass system.
However, in more complicated transmission systems,
2-mass system model cannot accurately present the vibration
characteristics of the objective system. In order to solve this
problem, multi-mass models of different ﬂexible drive trains
have been built and analyzed.11–13 Six different ﬂexible drive
train models of wind turbine (i.e. 6-mass, 4-mass, 3-mass I,
3-mass II, 2-mass and 1-mass models) are built and their inﬂu-
ences on the transient performances of wind turbine are exam-
ined.11 An identiﬁcation method based on the linearized and
weighted total least squares (LWTLS) method is presented to
derive the transfer function for 3-mass and 4-mass systems
without any prior knowledge of resonance characteristics
and time delay.12 Different kinds of Control ling methods used
for vibration suppression in multi-mass systems have been
investigated.14–21 The least squares-estimation (LS-estimation)
method with ARMAX model and fast Fourier transformation
(FFT) are proposed to estimate the mechanical parameters of
a 3-mass system.14 The identiﬁcation of an industrial robot,
which is regarded as a 3-mass system, is accomplished in the
closed position control loop and is carried out by moving
one axis at a time only.15 The artiﬁcial pseudorandom binary
test signal (PRBS) is utilized for stimulating multi-mass sys-
tems. From the measurement signals, the frequency response
of the mechanical system can be calculated.16–19 A funnel con-
troller, which is a time-varying control method, is designed for
controlling the non-linear time-varying multi-mass ﬂexible sys-
tem.20 A digital modiﬁed-IPD regulator for speed loop is pro-
posed to suppress vibrations of the load side inertia of 3-mass
system and Particle Swarm Optimization (PSO) is used for the
determination of the controller parameters.21 These control
methods are either complicated to realize in practical applica-
tions or only effective in speciﬁed environment.
In this paper, a more practical two-stage compensating
method applied to velocity loop is proposed for vibration sup-
pression of multi-mass elastic transmission system. This com-
pensating method is applicable in industrial situations where
no intense disturbance occurs, such as articulated carrying ro-
bot, welding robot, etc. It is used to suppress vibrations caused
by sudden change of velocity such as sudden starting and stop-
ping of machines. In the open-loop control system, the math-
ematical model of the system is built to estimate the velocities
of masses. The estimated velocity difference that needs to beFig. 1 3-mass elastic tcompensated is calculated dynamically according to the system
model. After being regulated by a PI controller, the velocity
difference is ﬁnally converted to the motor input to suppress
the vibration of the whole mechanical system. In order to
achieve better vibration suppression effect, a fuzzy I + P con-
troller is utilized in the general compensating stage instead of
using a conventional PI controller. The parameter of integral
part is optimized dynamically according to fuzzy rules during
the regulating process of the system. Different from the
conventional design of fuzzy PID controller, the impact of dif-
ferent input variables of Ki fuzzy tuner on the whole system is
analyzed and the conventional input variable de(t) is replaced
by more relevant variable. Comparative simulations and
experiments are carried out to verify the effectiveness of the
proposed compensating method.
2. Two-stage open-loop compensating method
2.1. System description
The structure of a 3-mass elastic transmission system can be
expressed as Fig. 1. Mass 1 is rigidly connected to motor,
which provides rotating energy for the whole system. The
connection between Mass 1 and Mass 2 is ﬂexible, so is the
connection between Mass 2 and Mass 3. When the motor
starts to move at a constant speed, Mass 2 and Mass 3 will
both vibrate severely for a long time before they can rotate stably.
2.2. Two-stage compensating method
When the whole system is stable, the velocity difference be-
tween adjacent rotating masses should be zero. So the ﬁnal
goal of the system controller is to make adjacent masses rotate
at the same speed. The velocity difference is chosen as the com-
pensating quantity.
In the two-stage compensating method, the 3-mass ﬂexible
system is regarded as the composition of two 2-mass systems.
Mass 2 and Mass 3 together forms a 2-mass system, which is
also regarded as a subsystem. Mass 1 and subsystem, which
is composed of Mass 2 and Mass 3, is regarded as another
2-mass system (Fig. 2). The velocity difference Dx23 between
Mass 2 and Mass 3 is calculated dynamically and it is regarded
as the velocity that needs to be compensated for subsystem.
After being regulated by a P controller, Dx023 is added to the
velocity of Mass 2 x2. Then a new velocity of Mass 2 x02, which
includes two parts: velocity compensation for the subsystem
Dx023 and velocity of Mass 2 x2, is achieved. Then the velocity
difference Dx12 between Mass 1 and subsystem is calculated
dynamically. Dx12 is also the velocity that needs to be compen-
sated for the whole mechanical system. After being regulated
by a PI controller, the ﬁnal compensating velocity D xf is neg-
atively added to the speed command of motor xcmd to realize
the vibration suppression for mechanical part. The outputransmission system.
Fig. 2 Subsystem structure.
Fig. 3 Two-stage compensating method.
184 D. Zhang et al.velocity of motor xm will ﬂuctuate reasonably during the
adjusting process in order to smoothen the velocity of the third
mass. The schematic diagram of two-stage compensating
method is shown in Fig. 3.
Mathematical relations in Fig. 3 are expressed as:
xm ¼ x1
Dx23 ¼ x2  x3
Dx023 ¼ Dx23  k
x02 ¼ x2 þ Dx023
Dx12 ¼ x1  x02
8>>><
>>>:
ð1Þ
where xcmd is the velocity input of the system; xm is the veloc-
ity output of motor; x1, x2, x3 are the velocities of Mass 1,
Mass 2 and Mass 3, respectively.
2.3. Two-stage open-loop compensating method
The schematic diagram of two-stage open-loop velocity com-
pensating method is presented in Fig. 4. Instead of using
encoders to detect speeds of Mass 2 and Mass 3, reduced math-
ematical system model is applied to estimating the velocities of
these two masses. The estimated velocities of Mass 2 and Mass
3 in this diagram are expressed as xm,2 and xm,3, respectively.
Mathematical relations in Fig. 3 are expressed as:
xm ¼ x1
Dxm;23 ¼ xm;2  xm;3
Dx0m;23 ¼ Dxm;23  km
x0m;2 ¼ xm;2 þ Dx0m;23
Dxm;12 ¼ x1  x0m;2
8>>><
>>>:
ð2Þ
where x0cmd is the input speed for reduced system model.Fig. 4 Two-stage open-loop compensating method.3. Implementation of two-stage open-loop compensating method
3.1. Mathematical model of system
According to the mechanical transmission characteristic of a
3-mass system, equations of motion of mechanical part can
be achieved. Ignoring frictions in the system, dynamic
equations of mechanical part can be expressed as:
T¼ J1€h1þC1ð _h1 _h2ÞþK1ðh1h2Þ ð3Þ
J2€h2þC1ð _h2 _h1ÞþK1ðh2h1ÞþC2ð _h2 _h3ÞþK2ðh2h3Þ¼ 0 ð4Þ
J3€h3þC2ð _h3 _h2ÞþK2ðh3h2Þ¼ 0 ð5Þ
where T is the output torque of motor, J1 the inertia of Mass 1,
J2 the inertia of Mass 2, J3 the inertia of Mass 3,h1 the angular
rotation of Mass 1, h2 the angular rotation of Mass 2, h3 the
angular rotation of Mass 3, C1 the damping coefﬁcient of
the ﬂexible connection between Mass 1 and Mass 2, C2 the
damping coefﬁcient of the ﬂexible connection between Mass
2 and Mass 3, K1 the torsional stiffness of the ﬂexible connec-
tion between Mass 1 and Mass 2, and K2 the torsional stiffness
of the ﬂexible connection between Mass 2 and Mass 3.
Conventionally, a PI regulator is always implemented in the
motor speed loop. Then mathematical equations related to the
motor can be expressed as:
L
di
dt
¼ Kc Kveþ Kv
Ti
Z
edt Kcbi
 
 Ri Kexm ð6Þ
Ta ¼ L=R ð7Þ
e ¼ xcmd  xm ð8Þ
The output torque of the motor is expressed as:
T ¼ Kti ð9Þ
where L is the motor armature inductance, R the motor arma-
ture resistance, i the current of the armature, Kc the current
loop gain, Kv the proportional gain of the PI controller, Ti
the integral time constant of the PI controller, Ta the electrical
time constant of the motor, Ke the voltage constant, Kcb the
current feedback gain, e the speed error, and Kt the torque
constant.
A block diagram of the whole system can be expressed as
Fig. 5 according to Eqs. (3)–(9). The current loop of the system
can be simpliﬁed because the angular cut-off frequency of mo-
tor current loop is much higher than the ﬁrst natural angular
frequency of the mechanical part. A reduced system model
can be obtained (see Fig. 6). The effect of the counter electro-
motive force is also ignored in the reduced system model.22
The parameters in the reduced system model are determined
in the following ways. The parameters of mechanical parts,
such as inertias of rotating masses, torsional stiffness of springs,
are determined through dimension measurement and calcula-
tion. The parameters of PI controller used in motor speed loop,
namely, Kv and Ti, can be predetermined through frequency–
response approach and forward adjusted according to the
practical performance of the motor. In order to make the whole
reduced system model have more identical performance with
the practical system, it is necessary to slightly adjust its param-
eters according to the simulation results and performance of
practical system. The output velocities of Mass 2 and Mass 3
estimated by the reduced system model is then basically identi-
cal with the output velocities of practical system.
Fig. 5 Model of original system.
Fig. 6 Reduced system model.
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The typical PI controller is often used in the multi-mass con-
trol system due to its simple structure and good performance.
The mathematical relation between input and output of a sys-
tem using a typical PI controller can be expressed as:
uPIðtÞ ¼ KpeðtÞ þ Ki
Z
eðtÞdt ð10Þ
where e(t) is the error between system set point and system out-
put, uPI(t) the output of PI controller, Kp the proportional gain
of PI controller and Ki the integral gain of PI controller.
As is known to all, the problem of a typical PI controller is
that it cannot yield satisfying performance when the operating
conditions vary over a large scale because of its ﬁxed parame-
ters.23 In order to achieve better vibration suppression effect,
fuzzy I + P regulator is utilized in the system velocity compen-
sating loop. In this system, the integral part of PI regulator has
a greater impact than the proportional part. Then the param-
eter of integral part is chosen to be optimized according to
fuzzy rules during the regulating process.
The structure of proposed fuzzy I + P regulator is shown in
Fig. 7. According to fuzzy logic knowledge, the fuzzy I tuner
which optimizes parameter Ki can be built by using the follow-
ing equation:
Ki ¼ UiKimax Ui 2 ½1; 1 ð11Þ
where Ui is the output of the designed fuzzy controller and
Kimax the maximum absolute value of Ki.
Conventionally, error e(t)and its derivative de(t) will be cho-
sen as the input variables of a fuzzy PID controller. Different
from the typical control system, another two points of theFig. 7 Fuzzy I + P controller.two-stage compensating method need to be considered. Firstly,
the ﬁnal compensating quantity of the proposed open-loop
compensating method Dxm,f, namely, the output of fuzzy
I + P regulator, provides indirect adjusting effect for the system
end effector (Mass 3). Instead of representing the velocity error
between system set point and system output, velocity difference
Dxm,12 only tells the general velocity need to be compensated
for the whole mechanical system. Then the change rate of
Dxm,12, namely, its derivative, is not so helpful in deciding the
parameter of PI controller. On the other hand, the fuzzy I + P
controller is used for ﬁnal regulation for the system. So its param-
eters need to be decided according to the performance of the
system output. Then the two inputs to the system fuzzy controller
are chosen as: velocity difference between system set point and
system output Dxs = xcmd  xm,3; general velocity difference
which is ﬁnally compensated to the system input Dxm,12.
3.3. Design of fuzzy I controller
For each input and output variable of the designed fuzzy tu-
ner, namely, Dxm,12, Dxs and Ui, the same triangle member-
ship function is used. The plot of the membership function
used is shown in Fig. 8. The ranges of inputs and output of fuz-
zy Ki tuner are converted into [1,1], which is selected as the
universe of discourse of fuzzy tuner variables. Then the uni-
verse of discourse is quantized into overlapping fuzzy set val-
ues. The linguistic values used in this fuzzy controller are
selected in the way as follows: PB(Positive Big), PM(Positive
Medium), PS(Positive Small), Z(Zero), NS(Negative Small),
NM(Negative Medium), NB(Negative Big).Fig. 8 Triangular membership functions for inputs Dxs, Dxm,12
and output Ui.
Table 1 Fuzzy rules about Ki.
Dxs Dxm;12
NB NM NS Z PS PM PB
NB PM PB PB PS NB NB NM
NM PS PM PB PS NB NM NS
NS Z PS PM PS NM NS Z
Z Z Z PS PS PS Z Z
PS Z Z NS Z PB PM PS
PM Z NS NM PS PB PM PS
PB – – – – PB PB PB
Fig. 10 Simulation results of of two stage open-loop compen-
sating method.
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namely, whether it should be increased or decreased according
to the speciﬁc situation, it is necessary to evaluate the behavior
of the 3-mass system based on the inputs of Ki fuzzy tuner. The
basic principle of fuzzy rules determination for Ki is that the
tuner’s output should be positive when the two input variables
Dxs and Dxm,12 are both positive or both negative and the out-
put should be negative when input variables have different
signs, namely, one of them is positive while another is negative.
It is because that the ﬁnal compensating velocity Dxm,f is neg-
atively added to system input. The detailed fuzzy rules between
inputs and output of Ki tuner have to be decided according to
simulation results and experimental experience. With speciﬁc
reference to the performance of multi-mass elastic transmis-
sion system, a set of decision rules can be obtained as shown
in Table 1. Forty-ﬁve rules can be found in this table. The rule
in column 3 and row 1 can be written as:
IF Dxm,12 is Negative Small AND Dxs is Negative Big
THEN Ki-tuner output = Positive Big.
where AND operation is realized by ‘‘min’’ operation.
Other rules from Table 1 can be explained in the same way.
The obtained fuzzy set of fuzzy controller output must be
converted to an accurate number, namely, the defuzziﬁcation
process. The centroid defuzziﬁcation method is widely used
in fuzzy control situations where a crisp output value is
needed. This method is about calculating the centre of the area
included in the curve of aggregated membership functions. It is
chosen as the defuzziﬁcation calculation method in this study.Fig. 9 Final diagram oA crisp value Ui transformed from fuzzy value can be obtained
through the calculation of the following equation:
Ui ¼
P
iuðxiÞxiP
iuðxiÞ
ð12Þ
where xi is the calculated output value in a discrete universe,
and u(xi) the related membership value of xi in the member-
ship function.24,25
The ﬁnal schematic diagram of a controlled 3-mass
system applying open-loop two-stage compensating method
with utilization of fuzzy I + P controller can be shown in
Fig. 9.
3.4. Simulation results of two-stage open-loop compensating
method
For testing the effectiveness of the proposed two-stage open-
loop compensating method, several simulations were carried
out. Based on the mathematical equations and structure of
the whole system, simulation model of the control system
can be established on Matlab/Simulink platform. Only the
speed response characteristics are analyzed and evaluated in
the simulation. The simulation time is set to be 10 s and the
system input velocity is set to be 2000/s. In order to compare
vibration suppression effects of different controllers applied in
the same system, speed response curves when the system is not
controlled, controlled by typical PI and fuzzy I + P controllerf controlled system.
Fig. 11 Experimental set-up of 3-mass system.
Table 2 Speciﬁcation of experimental setup.
Parameter Value
Motor inertia (gÆcm2) 13.5
Torque constant (mÆNm/A) 25.8
Motor resistance (X) 2.36
Motor inductance (mH) 0.195
Mass 1 inertia (gÆcm2) 5.254 · 102
Mass 2 inertia (gÆcm2) 1.634 · 102
Mass 3 inertia (gÆcm2) 53.36
Spring constant (mÆNm/rad) 7.1
Fig. 13 Output of Mass3 with fuzzy I + P control.
Fig. 14 Output of Mass 3 with PI control.
Fig. 12 Output of mass3 without control.
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compensating method, both of the conventional PI and fuzzy
I + P controller can suppress the vibration of system effec-
tively. However, fuzzy I + P controller shows better perfor-
mance in reducing system settling time, which is reduced
from 1.2 s to 0.6 s.
4. Experimental results
4.1. Experimental set-up of 3-mass system
For verifying the practical vibration suppression effect of
the two-stage open-loop velocity compensating method, an
experimental set-up of 3-mass system is used (Fig. 11). It
consists of a brushless DC motor, three rotating masses,
two springs and two encoders. Mass 1 is rigidly connected
to BLDCM through a coupling. Mass 2 is ﬂexibly
connected to Mass 1 through a spring. Mass 3 is ﬂexibly
connected to Mass 2 through the same spring as well.
One of the encoders is used for detecting the motor speed,
namely, the velocity of Mass 1. Another encoder is mounted
beside Mass 3, namely, the end effector. Instead of provid-
ing feedback velocity signal for the controller, it is only
used to verify the effectiveness of the proposed open-loop
controlling algorithm. The parameters of the experimental
set-up are shown in Table 2.
4.2. Typical PI controller applied in the system
In the experiments, a constant speed of 2000/s is commanded
at t= 0 s. The original output velocity of Mass 3 without con-
trol is shown in Fig. 12. The overshoot of the original system is
116.5%. It takes over 13 s to get into steady state of the system
output velocity curve has been deteriorated. It is because that
the parameters of PI controller are ﬁxed during the regulating
process. The ﬁxed-parameter PI controller can effectivelysuppress vibration but can also lead to over regulating prob-
lem when the system is getting into steady state.
4.3. Fuzzy I+P controller applied to the system
In order to avoid the over regulating problem of typical PI
controller, a fuzzy I + P controller is utilized in the velocity
compensating loop. The output velocity curve of Mass 3 with
the fuzzy I + P controller applied to the system is shown in
Fig. 13. The overshoot of the controlled system is reduced to
5.8% and the settling time can be reduced to 0.98 s with the
steady state error of ±8%. By comparing the velocity curves
in Fig. 13 and Fig. 14, it is obvious that the proposed fuzzy
I + P controller has a better controlling effect than typical
PI controller both on dynamic state and steady state.
4.4. Analysis of experimental results
It is clearly shown in Figs. 13 and 14 that the proposed two-
stage open loop velocity compensating method can effectively
reduce vibration in a multi-mass system. However, speed ﬂuc-
tuations still exist even when the system is in the steady state,
which is different from the simulation results. The reasons can
be concluded as follows. The simulation results are obtained
188 D. Zhang et al.based on the calculation of theoretical model while the exper-
imental results can be affected by limited hardware capabilities
of experimental set-up. The encoder used for detecting motor
speed is only 1000 lines per revolution and the motor speed
is obtained through difference calculation of position pulses,
which results in low precision of speed measurement. Further-
more, the speed loop control cycle of the control system is
1 ms,which is not capable enough to realize high-accuracy con-
trol. Thus, the speed ﬂuctuations cannot be totally eliminated
in this experimental system.
5. Conclusion
This paper presents a novel velocity compensating method for
multi-mass elastic transmission system – two-stage open-loop
compensating method with the application of fuzzy I + P
controller. The proposed compensating method is based on
the reduced mathematical model of the system. A 3-mass sys-
tem has been regarded as the composition of two 2-mass sys-
tems and the velocity differences between adjacent masses
are calculated dynamically. At the ﬁnal compensating stage,
a fuzzy tuner is designed to realize the dynamic parameter
optimization of integral part. Different from the conventional
fuzzy PID controller design, the input variables of fuzzy tuner
are decided according to their impacts on the compensating ef-
fect. Simulations and experiments are carried out to evaluate
the effectiveness of the proposed control method applied to a
3-mass elastic transmission system. The simulation evaluation
and experimental results show that the proposed two-stage
open-loop compensating method with typical PI controller
and fuzzy I + P controller could both suppress the system
vibration effectively while the designed fuzzy I + P controller
shows more satisfying performance.Acknowledgement
This study was supported by the Fundamental Research
Funds for the Central Universities of China.
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